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MULTIVARIATE POLYNOMIAL FACTORIZATION

David R. MusserT

1. Introduction and basic concepts.

This paper presents algorithms for factoring a given polynomial in one
or more variables, with integer coefficients, into factors which are
irreducible over the integers. These algorithms are based on the use of
Berlekamp's algorithm for factoring modulo a prime and ""Hensel's Lemma
constructions'' as suggested by Zassenhaus [ ZAS69]. A new generalization
of Hensel's construction is given, providing a practical basis for an
algorithm for factoring multivariate polynomials.

The algorithm for the univariate case has been implemented by
G. E. Collins and the author in the SAC-1 system for algebraic calculation
[ COL71] and tested thoroughly. A detailed description of this implementation
is given in [ COL72]. Both the univariate and multivariate algorithms have
been implemented in the Pascal language at the University of Texas by
R. T. Charleton [ CHA73].

Following a brief discussion of notation and basic concepts of factor-
ization and use of homomorphic mappings, we shall define the concept of an

abstract algorithm, in order to present concisely the common theory behind

the univariate and multivariate algorithms. Section 2 gives an overview of
the main steps in factorization, followed by detailed abstract algorithms

in Section 3. In Sections 4 and 5 we consider the details of applications of

TComputer Sciences Department and Mathematics Research Center, University
of Wisconsin; on leave from University of Texas. This work was sponsored in
part by the National Science Foundation under grants GJ239, GJ-30125X and
GJ-1069, by the United States Army under Contract No. DA-31-124-ARO-D-462,
and by the Wisconsin Alumni Research Foundation.



the abstract algorithms to the univariate and multivariate integral polynomials.
Some consideration is given to computing times in these sections.

1.1. Polynomial notation

A polynomial A(x) = anxn + ... 4 alx + ao with coefficients an,. 1o

a,,a, from a ring R, a # 0, is said to have degree n, leading coefficient

an , and trailing coefficient (or constant term) a_ ; we write

0
deg(A) = n, lc(A) = an, tc(A) = ao.
By convention, we define
deg(0) = -, 1c(0) =0, tc(0)=0.
If R has an identity 1, we say A(x) is monicif lc(A) = 1.

l.2. Unique factorization domains

In a commutative ring with identity, zero-divisors are elements y and

Zz such that y-z =0, Aunit is a divisor of unity, and a prime is a nonunit
element which cannot be expressed as a product of nonunit elements. An inte-
gral domain is a commutative ring with identity which contains no zero-divisors.

A unique factorization domain (UFD) 1is an integral domain in which every non-

zero element is a unit, or is prime, or has a unique factorization into primes

(an expression as a product of a finite number of primes which is unique except
for unit factors and the order of factors).

Primes are also called irreducible elements, and a unique factorization

into primes is often called a complete factorization,
The integral domain Z of integers is a UFD (Fundamental Theorem of
Arithmetic), in which the only units are 1| and -1. Any field F is a UFD in

which every nonzero element is a unit and there are no irreducible elements.
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According to a theorem of Gauss [VDW49, §23], the polynomial domain
D[xl, T ,xn] is a UFD whenever D is. Thus, for example, Z[xl, adlk ,xn]
and F[xl, s ,xn] are UFD's.

1.3, Homomorphic mappings

A mapping h from aring R into a ring R is called a homomorphism

if for all a,be R,

(1) h(a+b) = h(a) + h(b) ,

(2) h(ab) = h(a)h(b) .

The application of homomorphic mappings to factorization is based on
the factor preserving property (2). The classical algorithm for factoring poly-
nomials, Kronecker's algorithm [VDW49, §25], is based on the use of evalua-

tion homomorphisms. For any fixed a ¢ R, the mapping e, of R[x] onto R,

defined by ea(P) = P(a) for all P(x) ¢ R[x], is homomorphic and is called an
evaluation homomorphism, To factor P(x) e Z[x], for example, Kronecker's
algorithm evaluates P(x) at several integers, factors the resulting values in
Z , and constructs the factors of P(x) using interpolation,

Another well-known application of homomorphic mappings to polynomial
factorization is the use of mod p factorizations, where p is a prime integer,
Let P(x) ¢ Z[x] and p be a prime which does not divide the leading coeffi-
cientof P. Let hp denote the homomorphism of Z onto Zp, the ring of
integers modulo p. Zp is actually a field, so Zp[x] is a UFD. If hp(P)
turns out to be irreducible over Zp, then P is irreducible over Z (except
possibly for integer factors). If hp(P) does factor, then its factorization

gives an idea what degrees the factors of P might have, and what residue
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classes the coefficients modulo p inight belong to. These facts have long
been used in the limitec ~'mber of cases in which hp(P) is easy to factor,

o
e.g. [VDW49, §25]. More general applications of mod p homomorphisms have

become possible since the invention in 1967 by Berlekamp of efficient algorithms

for factorization in Zp[x] ([BER68, Ch, 6], [KNU69, §4.6.2]). A second break-
through was Zassenhaus' suggestion that a construction based on Hensel's
Lemma, from the theory of p-adic fields, could be used to progress from a

mod p factorization to a corresponding factorization modulo any power of p
[ZAS69]). Taking pj sufficiently large, we can determine from consideration

of all mod p’

factorizations all factorizations over the integers., This

" Berlekamp-Hensel" factorization algorithm has been improved and extended

in a number of ways, as discussed previously in [BER70] and [MUS71]. [COL73],
Section 5, gives an overview of this research. The author's main contributions
have been the detailed specifications and implementation of a univariate fac-
toring algorithm, with extensive analysis of maximum computing times, and
generalization of Hensel's construction to several moduli as a basis for a new
multivariate algorithm. Wang and Rothchild [WAN73] use a different generaliza-
tion of Hensel's construction, but as yet no comparison of the merits of the

two constructions has been made.

1. 4. Abstract algorithms and validity wroofs

In this paper we shall use "abstract algorithm" descriptions in order to
present compactly the common theory behind factoring algorithms for both the
univariate and multivariate cases and for a number of coefficient domains. An

abstract algorithm is one in which the domains of the inputs and outputs are
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abstract sets or algebraic systems such as rings, integral domains, or fields.
An example of an abstract algorithm is:

Algorithm D (Division of polynomials over a ring). Let R be a com-
mutative ring with identity. Given polynomials A, B ¢ R[x] with lc(B) a unit
of R, this algorithm computes polynomials Q, R ¢ ®[x] such that

A =BQ + R and deg(R) < deg(B).
(1) Set Q< 0 and R+« A,
(2) Now Q, Re R[x] and A =BQ + R.) If deg(R) <deg(B), exit.
(3) Set n < deg(R) - deg(B), T« (lc(R)/(lc(B))xn, Q+«Q+ T,
R« R - TB (this reduces the degree of R), and go to (2).

In dealing with abstract algorithms we leave open the question of what

assumptions are required about the abstract domains involved in order to prove

effectiveness of the algorithm, (Such questions have been dealt with else-

where, e.g. [RAB60].) We shall however require that, under the assumption
that each step can be effectively performed, the algorithm will terminate in a
finite number of steps. A proof of termination of Algorithm D is indicated in
the parenthetical assertion in step (3): by the choice of the term T of the
quotient polynomial Q , both R and TB have the same leading coefficient,

hence the new value of R, R, = R - TB, is of smaller degree than that of R,

1
and thus the condition tested in step (2) must eventually be satisfied.

If we do not require effectiveness in our abstract algorithms, the
reader may well ask, by what criteria do we construct them? For we could in

some steps of our algorithms merely cite the existence of some quantity with-

out any indication of a method of constructing the quantity. However, all of

#1445 = 5=



the algorithms to be presented have been wriiten with the purpose of general-
izing methods which are known not just to be effective in particular domains,
but to be “very effective' or "efficient” methods. This is meant in the sense
that each step of the abstract algorithm is of sufficient simplicity that there
are known to be efficient algorithms for carrying it out in at least one particular
domain, In Algorithm D, for example, each step involves only simple arith-
metic operations for which efficient algorithms are known when R is the ring
of integers, or the rational number field, or a finite field.

Besides the proof of termination, we are also interested in proving the

validity of the algorithm: that when applied to inputs which satisfy the input

assumptions, the algorithm produces outputs which satisfy the output asser-
tions., The method of proof to be used is based on the method of "inductive
assertions" described in [FLO67] and [KNU68, §1.2.1]). The basic idea of the
method is to associate with some or all of the steps or substeps of the algo-
rithm assertions about the current state of the computation, and to prove that
each assertion is true each time contiol reaches the corresponding step, under
the assumption that the previously encountered assertions are true. If this can
be done in such a way that the assertions associated with the first step are the
input assumptions and those associated with the terminal step(s) are the output
assertions, then the algorithm is necessarily valid, by induction on the number
of steps performed.

In applying the method we have usually not attempted to list all of the
assertions which actually hold at each step; in general we have tried to main-

tain about the same degree of explicitness as is usual in a conventional proof
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of a theorem. In Algorithm D, we have included only two assertions, in step
(2), for the purpose of proving validity (the assertion in step (3) was included
for the sake of proving termination, as discussed previously). It is trivial
that these assertions are true the first time step (2) is executed. Assuming
them true at a given execution of step (2), they may be shown to be true at the

next execution as follows: Let Ql =Q+ T and R, =R - TB; since lc(B) is

1
a unit, T e R[x], hence so are Q1 and Rl; also BQ1 + Rl =BQ+ T)+R -

TB=BQ+ R =A; since Q is setto Q1 and R to R, in step (3), the asser-

1
tions Q, R e¢R[x] and A = BQ + R still hold when step (2) is reached again,
The abstract algorithm concept may be easily formalized in terms of
conventional set theory, and in fact such a formalization is given by Knuth in
his initial focrmal definition of algorii . ms [KNU68, pp.7-8]. (Knuth goes on
to modify this definition to include the property of effectiveness.) The induc-

tive assertion method is also easily formalized in terms of Knuth's model, as

shown in [MUS71].
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2. Overview,

In Section 3, we shall state the basic algorithms for factorization in
D[x] where D is any UFD. In Sections 4 and 5 we consider separately the
cases that D=2 and D= Z[vl, ha's ,vn]. Assume we are given a polynomial
C(x) € D[x] to be factored, i.e. we are given a representation
m-1

X ¥ 00 oxir Cq ? c,eD

m
C(x) = cmx +c {

m-l
and we must determine the factors of C(x) which are irreducible over D .
The following are the essential steps of the overall algorithm:
l. First eliminate proper factors of degree zero and repeated factors
by means of greatest common divisor calculations in D and D[x].
(These steps are sufficient to satisfy some of the assumptions made in
later phases of the algorithm, particularly Hensel's construction. )
Thus we have
C(x) = ﬁ-l Pt(x)
where the F, are distinct irreducible polynomials of positive degree,

i
and our task is to determine these Pl :
2. Choose PppesesPy in D such that factorization in E[x] is
possible, where E = D/(pl, o8 ,pm). (With D = Z, we will have
m = 1, choosing a single prime integer p and E will be Zp = GF(p),
the Galois fie!d of order p. With D = Z[vl, ook ,vn] we will have
m = n+l, choosing a prime p and lincar polynomials Vim8ys e ey V-

as the moduli; zgain E = GF(p).)
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3. Obtain a factorization

r
CECTTG (mod Pyyec.,P )
k=] k |

¢ = 1c(C), Gk ¢ D[ x]

not necessarily complete, but such that each Fi corresponds to a

product of one or more of the Gk; i.e. there is a partition of

{Gl, ey Gr} into subsets jl’ ...,¥#_ such that

FiEfiTT G (mod pj,...,P )
GtJt
£, = lo(F,) .

4, Using Hensel's construction, lift the G

K to corresponding
H, ¢ D[x] such that
. r j j
c=c]l Hk (mod pll,...,p -
k=1

for sufficiently large positive integers jl’ s TagH)

)

m .
5. Partition the Hk into subsets Sli such that
j i
F=f || H (mod pl,...,prn
i i 1 m
H e Vi "

)

thereby determining the Fi ¢

In order to simplify the presentation, we shall confine the discussion

in Section 3 to the case of a single modulus and defer generalizations

to several moduli to Section 5.
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3. Abstract factoring algorithms

3.1. Reduction to a primitive polynomial. If C(x) = Co ¢ D then we

merely factor ¢ in D; we assume the existence of an algorithm

0

for this factorization. Otherwise, we compute the greatest common

divisor d of Cor * "1 C (called the content of C in D) and divide

0
C(x) by d, thereby obtaining a primitive polynomial C*(x) , l.e.

*
one whose coefficients are relatively prime. Thus C (x), called the

primitive part of C(x) (denoted pp(C)) has no proper factors of degree

%
zero, and this property simplifies the task of factoring C (x) . We
H
proceed to factor d and C ﬁ(x) and combine the two lists of factors
to produce the list of factors of C(x) .

3.2. Reduction to squarefree polynomials. Given a primitive polynomial

C(x) over D, we proceed to factor it into squarefree polynomials, i.e.

having no repeated factors. Using greatest common divisor calculations

we obtain a factorization

c=olQ§---Q‘tt (1)

where Qi is the product of all the irreducible factors of C with
multiplicity i . We then factor each Q1 , butting i copies of each
factor on the list of factors of C.
The algorithm for producing the factorization (1) is based on
.Theorem S below. For its statement we require two definitions:
Elements x and y inaring D are said to be associates if x = uy

for some unit u of D. We write x~ y (this is an equivalence relation).

-10- #1445



The characteristic of a ring D is the smallest positive integer n

such that nx = 0 forall x in D, or zero if no such integer exists.
(If D 1is an integral domain, the characteristic is prime if it is not zero.)
Theorem S. Let D be a UFD, C be a nonconstant, primitive

= gcd(C,C') where C' denotes the
e1 e

derivative of C . Let C = P1 Pn

a. If deg(B) = 0 then C {is squarefree.

polynomial over D, and B

" pe a complete factorization of C .

el-l en-l

b. If D has characteristic zero, then B ~ Pl Pn

c. If D has characteristic zero and C 1is squarefree, then B~ 1 .
d. If D has characteristic zero, then C/B ~ Pl Pn’ the
greatest squarefree divisor of C .
Proof: a. Suppose C is not squarefree; thus C = PZQ for some
P and Q over D, deg(P) >0 . Then C'= PZQ' + 2PP'Q 1is a multiple
of P, hence P|B , hence deg(B) >0 . Thus deg(B) = 0 implies

C is squarefree.

) ¢
b. Since B|C,B~P11---Pnn, where 05_615ei, 1<i<n.
To show that 6i=e1-1, let P= Pi’ e=e and Q = C/Pe. Then

Cc=p%°Q and C' = P°Q + ePe-lP'Q, hence P |B. Suppose P°|B.
e e e-1 2
Then P |C', hence P |eP° *P'Q, and since D is an integral
domain, PleP'Q . But P and Q are relatively prime, so PIeP' .
Since the characteristic of D is zero, eP'# 0, hence deg(eP') >deg(P),
a contradiction. Thus Pe‘fB , While Pe-l IB y SO 61 =e-1-= e - 1.

c,d. Obvious from b .

#1445 -11-



Thus to factor C one could compute the greatest squarefree

divisor A = C/gcd(C,C') and factor it to obtain the P then divide

1 y

C by P1 as many times as possible, to determine the e However,

{
we can do better than this if C 1is not already squarefree, for we will

show that we can then partially factor A and determine the e1 by

means of further gcd calculations.

Let Qi= T p where E = {j:e, =i} . (Q, =1 when

. j? d j i
j e Ei
Ei is empty.) Then, for t = max{el,...,en} we have
C=0Q@% - Q, Q squaret
=99 ¢+ @ squarefree,
deg(Q,) >0, gecd(Q;, Q) ~ 1 for i#j. (2)

We call (2) a squarefree factorization of C, since each Qi is either

unity or a squarefree polynomial of positive degree. | The Q1 are uniquely
determined by the conditions in (2), except for unit factors.

By Theorem S, if B = gcd(C,C') and A = C/B then
:'1 and A~ QQ, Q- If D=god(A,B) then

D~ QZQ3 v Qt , hence Ql ~ A/D . The following algorithm shows

B~ Q0+ Q

how we can continue, computing QZ’ AxlY Qt:

Algorithm S (Squarefree factorization). Let D be a UFD of
characteristic zero. Given a primitive polynomial C of positive degree,
let C = Q1 Q; v Q: be a squarefree factorization of C . This

algorithm computes t and A ~ Ql’ .l "At ~ Qt .

1
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(1) Set B+ gcd(C,C'), A« C/B, j+«1 .
(2) (At this point B ~ Qj+le+2 20 Q:-j and A~ Qjoj+l Qt) .
If B~ 1 then set t«j, At <~ A, and exit.
(3) Set D <« gcd(A, B), Aj < A/D. (Then D ~ Qj+loi+2 ey Qt
and Aj ~ Qj .)
(4) Set B+-B/D, A« D, j«jt1, andgo to (2).
The reader may easily verify the inductive assertions in the algorithm.
Algorithm S is based on an algorithm presented by Horowitz in
[ HOR69, pp. 58-60, 69-70], which in turn was based on an algorithm
due to Robert Tobey. Horowitz' version is equivalent to Algorithm S with
steps (3) and (4) replaced by:
(3') Set E - gcd(B,B'), D« B/E, A, « A/D . (Then
Ee @ 0,5 &, DeQ, Q" 9y A0 )
(4') Set B« E, A« D, j =+ j+l, andgo to (2).
Note that D and E = B/D are computed in both versions, but
in different ways. Algorithm S appears to require slightly less computation
than Horowitz' version, but its main virtue seems to be that it can be
easily adapted for squarefree factorization over finite fields (which are
of prime rather than zero characteristic), whereas it appears to be rather
difficult to adapt Horowitz' version for this problem. Algorithms for the
finite field case are discussed in [ MUS71]. These algorithms are,

however, not necessary in the application to factoring integral polynomials,

as will be seen in the following section.
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3.3. Choice of modulus. Now assume C(x) is primitive and squarefree.

We next choose a modulus p such that factorization in E[x] is
possible, where E = D/(p) . We shall see in Section 3.7 that in
order to apply the Hensel construction to lift a given factorization
C = AB(mod p) (1)
to a corresponding factorization
C = AB(mod p')
it is necessary to also have §, T such that
2\§+§§El(mod p) . (2)
Sufficient conditions for the existence of 5, T are that E be a field
and A and B be relatively prime over E, for then the Extended
Euclidean Algorithm yields S and T. Letus assume that we can find
p suchthat E is a field and C has the same degree and remains
squarefree mod p (i.e. when regarded as a polynomial over E). Then,
in (1), A and B must be relatively prime, and thus (2) is satisfiable.
As we saw in Theorem S, part a, if we compute B = gcd(C,C') in E[ x]
and find deg(B) =0then this guarantees that C is squarefree in E[x] .
In the case D = Z, we choose a prime integer p, obtaining
E = GF(p) , the Galois field of order p . We shall see in Section 4.1
that there are only a finite number of primes p for which C can fail

to be squarefree mod p . There are a number of other considerations

in the choice of primes in Z as we shall discuss in Section 4.1.
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3.4. Factorization mod p. Since we have chosen p so that E is a field,

E[x] is a UFD. We assume the existence of an algorithm for factoring
in E[x], butnotnecessarily one which obtains the complete factoriza-

tion of C mod p . A partial factorization

[
C=g Il G (modp) (1)
k=1
will suffice, provided the Gk are distinct and there exists a partition
of the Gk into subsets corresponding to the irreducible factors Fi

of C, as described in Section 2, step 3. Ideally, we would like to

find the factorization in which each G, is the image of some Fi , but

3
generally there is no a priori way of satisfying the partition requirement
other than obtaining the complete factorization in E[x] . We shall see,
however, in Section 5 a very important case in which it can be satisfied

with a partial factorization.

Since E is a field, it is convenient to assume the Gk are monic.

Then g = lc(C)(mod p) .

Of course, if we find that r = 1 thensince C(x) has the same degree
modulo p, it must be irreducible over D, and we are done. Other-
wise we have to continue with the following steps.

3.5. Determining modulus size. In choosing our modulus p, we gave

no consideration in Section 3.3to its ''size." If D=2 and p is
sufficiently large, then the set {-lp/2J,...,0,...,1p/2]} of

residues of p contains the coefficients of any factorof C, and we

#1445 ~-15-



could proceed directly to determine the true factors of C using the
mod p factorization. For large p, however, it may be very difficult
to obtain the mod p factorization (this point is discussed further in
Section 4.1). Hensel's construction provides the alternative of using
)

a small prime p and lifting a mod p factorization to a mod p

factorization for sufficiently large j .

In the case of an abstract domain D, our assumption at this
point is that we can algorithmically determine a positive integer j and
a complete set of residues R of pj , suchthat R 1is a factoring
set for C . In general, we define a factoring set for C to be any subset
of D which contains the coefficients of any factor A* of
C* = 1lc(C)- C for which deg(A*) < [deg(C)/2] and lc(A*) | 1c(C) .
These requirements may seem odd, but will become clear when we examine

the operation of the algorithm for finding true factors, in Section 3. 8.

3.6. Lifting a factorization (Hensel's construction for several factors).

At this point we have a primitive, squarefree polynomial Ce D[x], pe¢ D
such that E = D/(p) is a field and C has the same degree and is
squarefree mod p, a positive integer j and monic polynomials

T "Gr ¢ D[x](r > 2) such that

1
Cs= lc(C)G1 R Gr(mod p) .
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The goal now is to lift this factorization to a corresponding one

mod p] , l.e.
C=1c(C)H, +++ H (mod p))
Hi -3 Gi(mod p)
deg(Hi) = deg(Gi) £ 20, a0ey0 .

Hi is monic
This is done by repeated application of Hensel's construction to pairs

of factors in which one factor is Gi and the other is Gi+l cidlc Gr

1. Set C-I-Cmodp, ie-1.
2. (Now we have

= j
a. CO E CI-I1 Hi-l(mOd p’) where C0 was the

initial value of C;

b. H, = G, (mod p), deg(H, )

monic for k = 1,...,i - 1;

c. C=Cs= IC(C)GiGi+l S G &

d. C is squarefree mod p.)
Set Z\« Gi’ B~ (-J/I-X (division mod p). (Thus C= Aé(mod p),
Z\ is monic, and A and B are relatively prime mod p,
by d.)
3. Using the Extended Euclidean Algorithm, obtain E,T e D[x]
such that AS + BT = 1(mod p).

4. Apply Algorithm Q (Hensel's construction, as described in

Section 3.7) to p,j,C,A,B,S, T, obtaining A,B,S,T ¢ D[ x]
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such that
C = AB(mod p')
A= I-S.(mod p)
B = B(mod p)

deg(A) = deg(A)
A is monic .
5. Set H «A, C= B, C«B,i=i+l1. If i<r, goto
step 2. Otherwise, exit.
3.7. Quadratic Hensel construction. This ''quadratic'' construction, so-

2 4
called because it progresses through factorizations modulo p,p ,p , p8, e

in successive iterations, will be given in essentially the form discussed
by Knuth [ KNU69, pp. 398, 546). This version differs somewhat from
the construction proposed by Zassenhaus [ ZAS69], although the latter
is also quadratic in nature. (Hensel's original construction, in the
theory of p-adic fields, was linear [ VDW 49, pp. 248-250].)

Algorithm Q (Quadratic Hensel Algorithm). Let D be a commuta-
tive ring with identity. The inputs are an element p of D; a
positive integer j; and polynomials C, 1-\, ﬁ, §,T ¢ D[x] such that

C = AB(mod p), AS + BT = 1(mod p), A is monic.
The outputs are q = p1 where i>j and A,B,S,T ¢ D[x] satisfying
C = AB(mod q), AS + BT = 1(mod q)

ﬁ, Sié, T = T(mod p), (1)

>
i}
>
w
m

deg(A) = deg(A) and A is monic.
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1. Set i~1,q+p, A~A B+«B, S~5, T~T.
2. (Now gq = pi; A,B,S,T ¢ D[x] and the conditions (1) are
satisfied.) If i>j, exit.
3. Set U<« (C-AB)/q. (Since C = AB(mod q) we know
U ¢« D[x] .) Using Algorithm S, which is described below,
with inputs A,B,S,T,U, solve the congruence AY + BZ = U(mod q)
for Y,Z ¢ D[x] such that deg(Z) < deg(A) .
4. Set A" ~A+qZ B ~B+qY. (Thus
C-A"B" = C- AB - q(AY + B2) - g°vz
= q(U - AY - BZ) - qZYZ

0(mod qz);

furthermore A = A= A(mod p) and B =p= B(mod p); and,
since deg(Z) < deg(A), deg(A*) = deg(A) = deg(A) and
lc(A*) = le(d), so A* is monic.)

5. Set Ul - (A*S + B*T -1)/q . Using Algorithm S with inputs

A B, S, T, U solve the congruence AYl t BZ = Ul(mod q)

F? 1
for Yl’zl ¢ D[x] such that deg(Zl) < deg(A) .

sk

6. Set S <« S-qY T'«T-qzl. (Thus

ste
.....

>
[72]
+
o)
o |
n

% sk
A(S- qYl) t B (T - qZI)

* 3 * *
AS+BT-q(AY1+BZI)

sk A%
1+q(U1 -AYl -BZl)

1+ q(Ul - AY1 - le)(mod qz)

m

1(mod qz). )
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2 % k% %
7. Replace 1i,q,A,B,S,T by 2i,q ,A,B,S,T andgo to step 2.

Note that we did not need to assume D was a UFD, but only a
commutative ring with identity. The algorithm of Section 3.6 also
works under this weaker assumption. In Section 5 we shall see applica-
tions of these algorithms when D 1is commutative with identity but
fails to be an integral domain.

Algorithm S (Solution of a polynomial equation). Let E be a
commutative ring with identity. Given A,B,S,T,U ¢ E[x] such that
lc(A) isaunitof E and AS + BT = 1, this algorithm computes
Y,Z ¢ E[x] suchthat AY+ BZ = U and deg(Z) < deg(A) .

1. Set V<« TU.

2. Using Algorithm D of Section 1.4, compute Q,Z ¢ E[x] such

that V = AQ + Z, deg(2) < deg(A) .
3. Set Y+« SU+BQ and exit. (Then AY + BZ = A(SU + BQ) +
B(TU - AQ) = (AS + BT)U = U) .
In Section 3.9 we shall prove two Lieorems concerning the uniqueness

of the outputs of Algorithms S and Q.
j

3.8. Finding true factors. Having obtained the mod m = p° factors
Hl’ e Hr of C from the algorithm of Section 3.6, we must now consider

each combination of these factors, testing by trial division whether its
modulo m product is a true factor. Since we do not know the leading

coefficient of the factor, it is necessary to form the factor with leading
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coefficient ¢ = lc(C) and attempt to divide it into Cm s & C. If

3

o skt L
this division successfully yields a factor A of C then pp(A ) is
a factorof C . Only those combinations with deg(A") < Ldeg(C)/2]
need be considered. From these considerations we can now see the

motivation for the definition given in Section 3.5 of a '"factoring set' R

for C: a set which contains the coefficients of any factor A"‘ of C
b 5K
for which deg(A ) < |deg(C)/2] and Ic(A )e .

Algorithm T (Finding true factors by combining modulo mn factors).
Let D be a UFD, m be anelementof D and R be a complete set
of residues of m in D . Given a primitive polynomial C ¢ D[ x]

and a list of monic polynomials H_,..., Hr ¢ D[x], such that

o

C = lc(C)H . Hr(mod m)

lis
this algorithm obtains irreducible Fl, et Fq ¢ D[x] comprising the

complete factorization of C:

The following conditions are assumed to be satisfied.
a. R is a factoring set for C .

b. For each factor Fk there is an index set Ik E 84 bobe

such that

Pk 3 lc(Fk) T Hi(mod m) .

1tIk
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Remark: In Section 3.9 we shall show that the mod m = pJ

factors H i Hr produced by the algorithm of Section 3.6 satisfy

e
assumption b.

1. Set g« 1, d<«1.(d will run through tne integers
1,2,...,deg(C)/2)) .

X
2. Set c+1c(C), C ~c-C.

w

(Now we have a, b and

==
I A6 qﬂ F,(mod m) where C_ = initial value
0 G i 0

of C;

Q

dls By pere ol are irreducible ;
1 g-1
sk
¢ ¢=]g(C), C = ey

f. C has no factor B such that 0 <deg(B) <d.)
If d>|deg(C)/2), set Fq «~ C and exit.

4. Foreach 1C {1,...,r} such that Z deg(:ii):d:
iel

* .
a. Set A «c Tf Hi mod m , with coefficients in R.
iel

* % P * %k
b. If AlC, set B «C /A andgo to step 6.
5. Set d«~d+1 andgo to step 3.

* %
6. Set A<+ pp(A), Fq«-A, q+«q+l, C+«B /lc(A), and

delete from Hl’ ""Hr those H1 with 1 ¢ I (this changes

B -
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3.9. Correctness of the overall algorithm. To establish the correct-

ness of the overall algorithm we have to prove that the modulo m = pj
factorization obtained by the algorithm of Section 3. 6 satisfies the
input assumption b of Algorithm 3.8T, namely that to each true factor
Pk of C there is some corresponding set of factors H1 in the
modulo m factorization.

To this end we first prove:

Theorem S. Under the assumptions of Algorithm 3.78S, the poly-
nomials Y and Z are uniquely determined.

Proof: Let AY1 + BZl = U with deg(Zl) < deg(A). Then
m{l + BZ1 = AY + BZ, which may be written

A(Yl -Y) = B(Z - Zl).
Upon multiplying both sides by T and adding AS(Z - Zl) to both
sides, we obtain
Al S(Z - 21) + T(Y1 -Y)] = (AS + BT)(Z - zl) x Z - zl.

Unless the polynomial in brackets is zero, the degree of the product on
the left side is > deg(A), since Ilc(A) is a unit. But
deg(Z - Zl) < deg(A), so we conclude that Z = Z1 and by (1) we then

have A(Yl - Y) = 0, which, with the fact that 1lc(A) is a unit,

implies Yl = e

The following theorem concerns the uniqueness of the polynomials

computed by Algorithm 3.7Q:
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Theorem Q. Let D be a commutative ring with identity, p be
an element of D which is not a zero-divisor, and j be a positive
integer. Let A, B’Al’ Bl’ S,Te D[x] satisfy

a. AlBl = AB(mod pj)

b. deg(Al) = deg(A), lc(Al) = lc(A) = 1

n

c. Al

d. AS + BT = 1(mod p).

A and Bl = B(mod p);

Then Al £A and Bl = B(mod pj).

Proof: From ¢ we have the conclusion when j = 1. Let j>1.

j-l), SO we may assume by induction

From a, we have AlBl = AB(mod p

that Al = A and B1 = B(mod pj-l). Hence there exist Y,Z ¢ D[ x]

1 j=1

such that A1 = A+pJ_ Z, B1 = B+p Y. Thus
AB = BB+ o7 lay + BZ) + p2 %yz,
0 = p’ LAY + BZ)(mod p’).

From this congruence and the assumption that p is not a zero-divisor
follows

AY + BZ = 0(mod p).
Also, by b we have deg(2) <deg(A). Hence by Theorem S applied to
the ring D/(p) we have Y=2Z=0(mod p), from which we obtain
the conclusion of the theorem.

We are now prepared to prove:

Theorem T. Let D bea UFDand p be an elementcf D for

which D/(p) is a field. Let C e D[x] for which ptlc(C) and C
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is squarefree mod p. Suppose C has the factorizations

1 i distinct, irreducible;

C= cG1 e 3 F Gr(mod p)

C=F ---F,F
q

C=cH -+ H(mod p)
1 r
c = 1c(C); Gi’ H1 monic;
H1 = Gi(mod p);
and that {1,...,r} is the disjoint union of index sets Il’ Tk ,Iq
such that
F, =f TT G, (mod p)
k k i
iel
k
fk = lc(Fk) .
Then also
— J
F =t 1T Hi(mod p) .

ieIk

Proof: Since p'l’lc(C), also p+fk and f_l exists mod p.

k
=1 . j
K exists modm = p° also. Put

1

It is easy to show that f

A=f Pk(mod m) ,

k
B= C/A(mod 1),

A = || H/(modm),

1 fel i

B =c ]| Hi(modm), A1 ()

ieI-Ik
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Then we have

Al Bl = AB(mod m)

deg(Al) = deg(A), lc(Al) = lc(A) = 1

Al = A and B1 = B(mod p) .

Since C 1is squarefree mod p, A and B are relatively
prime mod p and there exist S,T such that

AS + BT = 1(mod p).

Therefore, by Theorem Q, Al =A and Bl = B(mod m) and therefore

F, = fk i Hi(mod m) ,

as was to be shown.

-2%~
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4. Application to univariate polynomials over the integers

To obtain algorithms for factoring univariate polynomials over the
integers, we take D = Z and choose a prime integer p as the modulus,
so that the mod p factorizations are factorizations of polynomials over
E = Z/(p) = GF(p) the Galois field of order p. GF(p), and more
generally, Z/(m) with m = p1 is conveniently represented by the
integers 0,1,2,...,m-1, with arithmetic performed modulo m. The
""'symmetric residues'" - {m/2J,...,0,...|lm/2] (m odd) could also
be used. Divisionof a by b, with b relatively prime to m,
can be performed using the Extended Euclidean algorithm to compute
multipliers s,t suchthat bs +mt = 1, sothat bs =1 (mod m) and
as = a/b (mod m). Arithmetic modulo m is discussed further in
[KNU69, §4.6.1) and [COL69].

4.1. Choice of a prime. The first consideration in the choice of a

prime p is that the squarefree polynomial C(x) must remain squarefree
modulo p. Since C is squarefree, the discriminant of C, discr(C),

is a non-zero integer. Let C = C mod p. If p does not divide 1lc(C)
then discr(C_J) = discr(C) mod p, so if p is not a divisor of discr(C)
then discr(é) #0 and C is squarefree. Hence C mod p is squarefree
for all but a finite number of primes; and in fact, for a given p, C mod p
is squarefree with probability 1 - 1/p [KNU69, Ex. 4.6.2-2]. We

can efficiently test whether C is squarefree by testing whether

ged(C,C') =1 in GF(p)[x), where C' is the derivative of C.
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The size of primes used is an important factor in the choice of
an algorithm for factoring over GF(p). Trying large priites would reduce
the chances of encountering primes for which C mod p has repeated
factors, and would also reduce the number of Hensel's construction
iterations required to make pj sufficiently large. However, Berlekamp's
1967 algorithm for complete factorization over GF(p) is efficient only
for small primes. The algorithm has two phases. In the first phase the
number, r, of irreducible monic factors of the input C 1is determined.
If r>1, the second phase is performed to determine the actual factors.
The computing time for the first phase is dominated by n3(log p)2 + nz(log p)3
where n = deg(C) and the time for the second phase by nzrp(log p)z.
[KNU69, §4.6.2].

A newer algorithm devised by Berlekamp [ BER70] is more efficient
for large primes, at least in terms of average computing time. This
algorithm has an average time dominated by a polynomial function of n
and log p but the maximum ccmpuiing time may be codominant with
np(log p)".

By contrast, the maximum time for the quadratic Hensel construction

J factorization is dominated by

to lift a mod p factorizationtoa modm = p
2

nz(log m) + u(log m)log ¢, where c is the maximum size of coefficients

of C [MUS71]. Thus use of Berlekamp's original algorithm with a

‘small prime p followed by Hensel's construction is probably much

more efficient than to use Berlekamp's newer algorithm with a large prime.
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Another consideration is that the newer algorithm is considerably more
complex than the earlier algorithm.

The third major consideration in the choice of a prime p is the
number r of factors in the complete mod p factorization. If C is
irreducible, but splits into r > 1 irreducible factors mod p, then r
factors are also obtained mod m = pj and a total of Zr-l subsets
of factors are considered in Algorithm 3.8i. The time for all other phases
of the overall algorithm is dominated by a polynomial function of n and
log ¢ (this is shown in [ MUS71]), but since r can be as large as n,
the time for Algorithm 3. 8T can be an exponential function of n. The
average time for randomly chosen inputs C (which are almost always
irreducible [ KNU69, Ex. 4.6.2-27]), is a polynomial function of n
and log c, since it can be shown that the average value of r |is
about log n and the average value of Zr-l is about (n+1)/2. How-
ever, the variance of Zr—1 is quite large, about (n3-n)/24, causing
a large variance in the overall computing time.

In order to reduce this variance one can factor modulo sevecral
small primes for which C mod p is squarefree and choose a p which
yields the smallest number of irreducible factors. Unfortunately, no
matter how many primes are used, the maximum computing time will
still be exponential in n: H.P.F. Swinnerton-Dyer has shown (see
[ BER70]) that for any n which is a power of 2, there is an irreducible

integral polynomial of degree n which has at least n/2 irreducible

41445 -29-



factors modulo p for every prime p. By considering the size of the
coefficients of these polynomials, the author has established that the
computing time of any Berlekamp-Hensel algorithm for factoring integral
polynomials cannot be dominated by a polynomial function of n and
log c. The same result can also be established using a certain class
of cyclotomic polynomials which have more than (log n)2 factors for
every prime.

Finding an algorithm for factoring integral polynomials with a
polynomial dominated maximum computing time (or proving no such
algorithm can exist) is a very interesting open problem. Nevertheless,
it may not be a problem of great practical importance since the average
time of the Berlekamp-Hensel algorithm is polynomial dominated.

There are other advantages to be gained from performing factoriza-
tions modulo several different primes. By considering the possible
degrees of factors in these factorizations, we obtain important information
about the degrees of true factors. If C has r irreducible mod p
factors, then in a time dominated by rn we can compute the degree
set Dp, the set of degrees of all mod p factors. Since the chosen
primes do not divide lc(C), the degree setof C must be contained
in Dp for any prime p and therefore must be contained in
Dpl n Dpz n...nN Dpv , Wwhere PjsPyy -y P are the primes tried.
In general, this set can be used to eliminate many of the cases that

would otherwise have to be considered in Algorithm 3.8T; and in
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particular, when C |is irreducible, we will often find

Dpl N Dp‘2 N .-+ ={0,n} after only a few primes have been tried,
thus proving trreducibility of C without having to use the Hensel
construction or Algorithm 3. 8T at all. The author has verified, by
empirical tests, simulations and theoretical analysis, that the average
number of primes which must be tried before proving irreducibility is
less than 5 for all n <200.

This ''degree testing algorithm'' is a much more efficient means
of proving irreducibility than merely searching for a prime p for which
C 1is irreducible mod p. For the probability that a random polynomial
C is irreducible modulo a given prime p is only about 1l/n
[KNU69, Ex. 4.6.2-4] and by the Chinese remainder theorem these
mod p ''trials'' are independent, so an average of about n trials
would be required to prove irreducibility.

In order to compute the degree set Dp it is not necessary tc
factor completely mod p. One can use the ''distinct degree factorization"
algorithm described in [ KNU69, p. 389] and [ COL69]. Given a monic
squarefree polynomial A over GF(p), this algorithm produces a
list L = «dl’ Al), 50 .,(dS,AS)) where the di are positive integers,

d, < d2 <vo < dS and A, is the product of all monic irreducible

1 i

factors of A which are of degree di' Thus A = Al v As and this
is a complete factorization just in case no two irreducible factors of

A have the same degree.
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From the list L it is easy to construct a list A = {61, B0 ens 6r}
of the degrees of all irreducible factors of A, and from A one
constructs the degree set D of degrees of all factors as follows:
put D= {0} andfor i =1,...,r replace D by DU {d + 6i:d « D}.
As remarked above, the time to compute the degree set from A is
dominated by rn.

Another way of finding A without performing a complete factoriza-
tion of A would be to perform only the first phase of Berlekamp's
newer algorithm, in which a matrix of polynomials is computed in a
block diagonal form. If A has r, irreducible factors of degree i,

1

then there is an r Xr, block of polynomials of degree i. One could

i
compute the determinant of the block, which is the product of all
irreducible factors of degree 1i, and thus obtain the distinct degree
factorization. But A is determinable directly from the matrix. The
computing time of this phase of the algorithm has not been analyzed,
but it is possibly faster than the aistinct-degree factorization algorithm,
whose time is dominated by n3(log p)'2 + nz(log p)3.

Of course, if the degree tests fail to establish irreducibility, then
a prime p 1is selected among those which yield the smallest number
of irreducible factors, and the complete factorization must be obtained
for this prime. With the distinct degree factorization, this is
accomplished by applying Berlekamp's algorithm to each A, for which

i
di # deg(Ai), the other Ai being irreducible already. 1If the first phase
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of Berlekamp's newer algorithm has been used, then one merely continues
with the rest of the algorithm.

4.2. Computing a bound on the coefficients of factors. The height

of a polynomial C(v vs) with complex coefficients is defined to

I L
be the maximum of the absolute values of the coefficients. We saw in
Section 3.5 that in order to fully determine the true factors of C(x)

from its modulo pj factorization it was necessary to have pj/Z larger

than the height of any factor of C(x). Thus an a priori bound on the maximum
height of factors of C(x) 1is required. Typically, the height of every

factor of C(x) is no larger than the height of C(x) itself, but there exist
polynomials with factors of larger height, e.qg. x3 + x'2 -x-1=
(x2+2x+1)(x-l). An excellent bound on the height of factors which is based

only on the height and degree of C(x) 1is given by A. O. Gelfond in | GEL60,

pp. 135-140]. In fact, Gelfond establishes the bound for multivariate

polynomials C(vl, £ 4 ,vs) = Cl(vl’ L% B vs) e Cm(vl’ o .,vs): if n  is the
degree of C in Vip BE 0 e 4n, and H(C) denotes the height of
C, then
1
(r1l +1) - (ns+l) ' N
H(Cl) H(Cm) = 5 2 H(C) . (1)

2
Gelfond shows that this bound is essentially realizable.

In the univariate case, a number of other bounds have been used, as
discussed in [ MUS71, Section 3.4] and [ MIG74]. The bounds discussed in

[MUS?71]), however, require more computation with the coefficients of C(x)
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than (1), yet generally give a much larger bound. Mignotte [ MIG74]
improves an earlier theorem of Gelfond which gives a bound similar

to the univariate case of (1).

4.3. Hensel's construction. In Algorithm Q, if the coefficients of the

initial values of A,B,S,T are chosen in the symmetric residue set
{-lp/24,.-.,0,...,p/2)} and in Algorithm S the coefficients of Y
and Z are chosen in the symmetric residue set R1 = {-Lpi/ZJ, 5 Lpi/z_]}
then it is easy to show that the coefficients of A,B,S,T lie in Ri'
Upon termination, we have i = Zk 2j> Zk_1 for some k, andif i>j,
the coefficients of A,B,S,T are larger than necessary, making computa-
tions in Algorithm T more expensive than necessary. This may be
corrected by modifying steps 2-4 as follows:

2. [Done? If i=j, exit. (This exit is taken only if j = l.)

3. [Compute Y,2.] if 2i>j, set E-—p]/q, Z-—Amod a,

B+~Bmod§, S+ S modad, T « T mod d, taking the coefficients
of A,B,S,T, in Rv. Otherwise, just put § — q, A - A,

i

B+B, §+~5, T~T. Set U= (C+AB)/q and apply
Algorithm S to 3, E, §, ?I", U, obtaining Y,Z ¢ Z[x] such
that ;\Y +BZ= U(mod q) with coefficients in R'; and
deg(Z) < deg(A).

4. [Compute A*,B* and check for end.] Set A* « A + qZ,
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B* « B + qY. (Then C = A*B*(mod q§), A* = A(mod p),
B* = B(mod p), llc(A*)I < p/2 and the coefficients of A
and B* are bounded by qq/2.) If 2i >j (in which case
qq = pj), set A« A*, B « B* and exit.
This modification also avoids computing S and T at the last
iteration, since they are not used in further computations.

4.4. Finding true factors. There are two modifications of Algorithm 3. 8T

which can be of very significant benefit in the application to tactoring
univariate polynomials over the integers. First, one should add as an
extra input the set 8 = Dpl n Dp.2 n...n Dpv computed from the
mod pi degree sets and append the test "If d ¢ £, go to step 5."
to step 3. This may greatly reduce the number of cases considered.

Secondly, a '"trailing coefficient test'' should be inserted in step
4a:

"a. Set t e« c TT tc(Hi) mod m, t ¢ R; if t“’tc(C*) then

continue tolzlie next index set. Otherwise, set A% « ...'",

Thus, if t fails to divide tc(C*), we know A* cannot divide
C* and the computation of A% and the trial division of C* by A%*
are skipped.

Except in rare cases, this trailing ccefficient test will in fact

eliminate most of the computations of A* that are not true factors

and will thus greatly reduce the average computing time of the algorithm.
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5. Application to multivariate polynomials over the integers

Suppose now we are given a polynomial C ¢ Z[ Vl’ S Vn’ x]
to be factored. The most direct way of applying the abstract algorithms
of Section 3 to this problem is to take D = Z| Ve ,vn] and the
modulus p = = an' for some integer a - That is, we evaluate C
at vn = an, thereby obtaining a polynomial (-3 ¢ E[x], where
E= 2 Vi - "vn-1] (E=2 if n =1). We recursively factor C_J,
resorting to the univariate algorithm of Section 4 when all of the v1
are eliminated. We then try to lift the factorization of C: to a correspond-
ing factorization of C modulo (vn - an)jrl where jrl is chosen to
exceed the degree of C in vn. Unfortunately this is not directly
possible, since E is not a field and we cannot necessarily find,
corresponding to a factorization C = Z\E-B, multipliers S and T e E[ x]
such that AS + BT = 1, as is required in the Hensel construction.
However, if we back up and take D = Q(Vl’ ol vn), the field of
rational functions of Vp eV, e still have Ce¢ D[x], p=v_-a_ ¢ D

n n

and C = C(vl,..., ,an) ¢ E[x], where now E = Qv ca Vo

n-1 e

is a field and the Hensel construction can be applied.

The problem with this direct approach is that it requires many
rational function computations, which are generally much more expensive
than computations with polynomials (because of the gcd computations

' recuired to keep results in lowest terms).
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Another, probably better approach would be to restrict the
coefficient computations to D = Z{ vl, S@0s vn] by using a ''trial Hensel
construction. ' This construction uses polynomials §, T e E[x] and
relB =2 Vs Vn—ll for which ?5 + BT = r, in an attempt to [ind a
factorization C = AB (mod (vrl - an) n), A,B ¢ D[x] corresponding to
a factorization C = AB (mod vn = an). The attempt may fail, but it
is not difficult to arrange the computation so that the construction is

guaranteed to succeed if A and B correspond to actual factors of C.
This approach has the drawback that the polynomials é and T must
be obtained independently (by a version of the Extended Euclidean

Algorithm).

The algorithm to be discussed in this section avoids these problems
by using a generalization of Hensel's construction which works
simultaneously with several moduli. We take D = Z[ Ve Vn]

and moduli p (a prime integer) and Visap eV A Thus

1 n

C = @ (- VP ,an,x) mod p is a univariate polynomial in E[x], where

”
E = GF(p) as in the univariate case. A factorization C = AR can be

; j
lifted to a corresponding factorization C = AB (mod p], (vl - al) 1, widy (Vi an)
A,B ¢ D[x] by the generalized Hensel construction. This construction

works entirely with polynomials with integer coefficients (no rational

function operations) and increases the moduli quadratically.
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The abstract algorithms of Section 3 have been stated only for a
single modulus, but we shall describe in this section the changes and
additional algorithms necessary to generalize to several moduli.

5.1. Choice of evaluation points. Given C e Z[ Ve .,vn,x] we

first reduce to the case in which C is primitive and squarefree as in
Sections 3.1 and 3.2. Note that for the assumed algorithm for factoring
the contentof C in D = Z[ Vl’ - .,vn] we just apply our multivariate
algorithm recursively with one fewer variable.

Next we choose integers a,..., a, such that the vnivariate

l

integral polynomial 5(x) = C(al, S an,x) has the same degree in x

as C and is squarefree. The following algorithm first chooses an

trying 0,+1,+2,... until finding a value such that A = C(vl, ceea Vo 1@, x)
has the same degree in x as C and is squarefree. In the same way,

a, are chosen so that the evaluated polynomial remains of the

q-1 0 9

same degree and squarefree at each stage.
1. [Initialize.] Set C<«C, k =n.
2. [ Prepare to choose a.-] Set a<0, ¢ « 1¢(C).
3. [Evaluate ¢ and C at Vi = aJ. (Now C e Z[VI""’Vk’x]’
degx(a) = degx(C), C is squarefree, and
c = 1c(5) € Z[Vl’”"vk]') If E(vl,.. "Vk-l’a) =0, go

to step 4. Otherwise, set A «E’:w co Vi p a,x) € Z[ Ve Vi x]

1’
B « gcd(A,8A/8x). If deg (B) >0 (in which case C is not
4 X
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squarefree), go to step 4. Otherwise, set a ~a, k <k -1,
C+~A If k> 0, go to step 2; otherwise, exit.
4. [Try again.] If a>0, set a< -a; otherwise, set a+1- a.
Then go back to step 3.
Termination of this algorithm can be shown by considering at
step 3 the discriminant of 5, which is an element of Z[ TERRY vk]
and can be divisible by only finitely many linear polynomials vk = ak.

In the ideal case, this algorithm chooses all of the a, equalto

i

zero and the coefficients of C are just the constant integer terms of
the coefficients (in Z[ Vir e vn]) of C. In case one or more of the

a, cannot be chosen to be zero, we have a problem of potentially serious

i

coefficient growth with each a, # 0, and the coefficients of @ might

i
be huge. Although this problem has not been analyzed in detail, it

seems unlikely that the problem would appear except very rarely.

5.2. Choice of a prime and factorization over GF(p). We can now

choose a prime p, put 6 = C mod p, and factor é completely

over GF(p), thus obtaining a factorization of C modulo p, Vit vt
In this factorization, however, we again have the problem of the likelihood

of there being several factors corresponding to each irreducible factor

Fk of C. We can avoid this problem, except in rare cases, by

considering the complete factorization of our univariate polynomial

é(x). Suppose that the numerical coefficients of each factor Pk of C
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are random integers and that the evaluation points UTRREFLN result
in the factors

Fk(x) = F(ay,..ya,%)
having random integer coefficients. Since almost all polynomials over
the integers are irreducible (see [ KNU69, Ex. 4.6.2-27]), it is highly
probable that

C=Fl---Fq (1)

is the complete factorization of C. Thus, if we obtain the complete
factorization of 6, we will only rarely have any more factors than
in (1), in contrast to the case with complete factorizations over GF(p).

Therefore, our procedure is this: factor pp(é) completely, using
the univariate case algorithm, obtaining

C = & pp(8) = 5-61 ér’ ¢ = content (C).

If r=1, then C is irreducible and we are done. Otherwise, choose
a prime p such that é = 6 mod p has the same degree as C and

is squarefree modulo p. Then, instead of factoring C completely

over GF(p), just put

G mod p
G, =1 c(G )b k(mod P)
so that
C= cG1 Gr(mod PaV) =@V - an)
. (2)
C =

1¢(C), Gk monic,
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Thus we have only a partial factorization of C modulo p, v1 - al, e 25 vn -a

but one which does satisfy our partition requirement (Section 2, step 3):

suppose {l,...,q} is the disjoint union of index sets Il’ 50 5 Ir
such that

Pk E fk J Ci(mod Vit AV - an), fk € Z.

el
k

Then

Fk = lc(Fk) i:r[ Gi(mod PyVy = apees, v - an).

k

Thus the factorization (2) can be used as a basis for constructing ¢
mod 7 = (pj, (v1 - al)jl, e elg (vrl - an)Jn) factorization from which the
true factors Pk can be determined, and we can see that by the way (2)
was obtained we will usually have only one mod 7 factor corresponding
to each true factor.

Although the univariate factoring algorithm determined some prime
in the process of factoring c , it is not necessary to choose p
equal to this prime. It is better now to choose a large prime (since we
don't have to worry about finding a complete factorization mod p) to
reduce the number of Hensel construction iterations. We could, by
choosing p large enough, eliminate entirely the phase of the construction
which lifts from p to pj, but this might mean that p would be a

multiple precision integer and all of the mod p arithmetic during the

other phases of the algorithm would be multiple precision. The best

#1445 -41-
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course would seem to be to choose p as large as possible while

constrained to be in single precision integer, on the machine on which

the algorithm is implemented.

5.3. Generalized Hensel construction. Algorithm 3.7Q, the Quadratic

Hensel construction for a single modulus, may be regarded as an
algorithin for lifting a factorization from one residue class ring to
another: let
D/(p))

+
E'/(p) = D/(p).

tm
]

m
n

Given

C = AB, AS + BT = 1, A monic in E[x],

Algorithm 3. 7Q obtains

C=AB, AS+BT =1, A monicin E'[x],

A=A and B= B(mod p).
In this construction D 1is only required to be a commutative ring with
identity, and thus can itself be a residue class ring of the same form
as E+. This suggests we can generalize the construction to any
number of moduli. To do so, suppose pl, g e pk € D, jl’ iy jk are

J
positive integers and m, = pii, 1 <1 <k. Define

-

o D/(pl, . --,pk)

l - D/(mlvpzr"'ypk)

O U U
I

2 T D/(m1, mz! p3’ i "pk)

O
!

K S D/(ml, 4 ..,mk),

-42-
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and note that Di =D /(pi+l)’ 0 <i<k-1. Given

i+l
C = AyBy, AySy + ByTp = 1, A, monic in Do[x],
we perform, for i = 0,1,...,k -1, Algorithm 3.7Q with E = Di’
+
L s Di+1’ P =Py b= iy lifting
C = AiBi’ Aisi + BiTi = ], A, monic in Di[x],

to

C= AL By AyBi BT = b Ay monicin D, ,[x],

Ai+l & Ai and Bi+1 = Bi(mod p1+l)°
We obtain

C = A B, AS, + BT = i A, monic in Dk[x]

Ak £ 2 Ao and Bk E Bo(mod PpsPyr - .,pk).

To apply this to multivariate factorization, take D = 2Z[ Vir e vn],

)

k=n+l, pi:Vi-ai’ mi=(vi-ai) for 1<i<n, and pn+1=p

(prime integer). For simplicity, assume all of the a, are zero. Thus

D, = Z[Vl""'vn]/(vl""’Vn’p) = GF(p)

D, = Z[ Vire oo vn]/(ml, Voreeoa Vo p) = GF(p)[ VI]/(ml)

D, = Z[vl, . vn]/(ml, Moy Vay oo sV p) = GF(p)[ VI’VZ]/(ml’ mz)
D = Z| Ve Vn]/(ml’ ooy, p) = GF(p)[vl, S5E vn]/(ml, He6s mn)
Dn+l = Z[ Vip e .,vn]/(ml, ceeao, p).

We thus start with

C = AOBO, AOSO + BOTO = ], Ao monic in GF(p)[ x]
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and finish with

C = 1, A

n+an+l’ An+lsn+l * Bn+lSn+l - n+l

A = A_ and Bth

L il 0 = Bo(mod Vir eV p).

1
To simplify the computation at each stage, it is best to reduce C to

Ci in Di[x] initially: Put Cn+l = C e Dn+1[x] and for i = n,...,0

let

C1 = C1+1 mod Py Di[x].
Then

Gy B " T A G = CBRER s 5 R
hence
Ci = C in Dl[x],

SO we can use C1+1 in place of C when liiting from

C1+1 =C = AiBi in Di[x]
to

C,.,=A in D, .[x].

14 = A8 i+]
For example, it is only necessary to use C1 € Dl[x] =z GF(p)[vl,x]/(ml)
when i = 0.

Going back to the abstract case, let us write # for the domain

used in Algorithm 3.7Q, to avoid conflict with our current use of D;

thus

+

et = 8/(p))

E'/(p) = #/(p).

E

Now consider the operations performed in Algorithm 3.7Q: these are
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operations in 8, so we must consider the structure of 8 in the
application of the algorithm with E+ = D1+l’ E = Di' We see that we
should take

=0 =D/(ml,...,m1

i+ c+yPy)

'Pear

since this gives

8,4/ (Pyyy) = D/(myy oo eymyy Py 4Py oy ey Py) = Dy = E

+
91+1/(m1+1) E D/(ml’ e My My Py e ’pk) =Py =F

as required.
In the applicationto D = Z[ vl, 1 v vn], we see that we must

be prepared to perform Algorithm 3.7Q with coefficient arithmetic in

the domains

81 = Z[VI’"'vvn]/(vzv"'rvn’p) = GF(p)[Vl]
s2 = Z[VP "°vvn]/(mlvv3, ""Vn’ p) = GF(p)[Vl’VZ]/(ml)
8 = Z[ ZTRERY vn]/(ml, ceeym 1y p) = GF(p)[vl, e ,vn]/(ml, o mn-l)

Bl = Z[ Vir - .,vn]/(ml, Alae ,mn).

Since the m_, are powers of the v arithmetic in these domains

i i?

can be regarded as truncated power series operations. For example, we

multiply two elements of sn with an algorithm which drops terms

+1

with degree at least ji in any variable v - This assumes that the

j

i
ai)

evaluation points a, are all zero; otherwise the reduction mod(v

i i
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J
would actually require a division by (vi - ai) i . Therefore, if any

of the a1 are non-zero, it is probably best to translate the given

polynomial C(vl, veea Vo X) to

C*(vl,...,vn,x) = C(v1 +a

NERETA A +an,x),

and factor C* . If the complete factorization of C* is F’: cee F:

then that of C is Pl Fq , Wwhere

%
Fi(vl,...,vn,x)-F(vl-a ..,vn-an,x).

=

5.4. Generalization of other algorithms. The algorithm of Section 3.6,

for lifting several factors, may now be generalized to several moduli:
all that is required is to substitute the generalized Hensel construction
for the single modulus Algorithm Q in step 4. Similarly, Algorithm 3.8T
generalizes to several moduli with no difficulty. The theorems of
Section 3.9 must also be generalized, but this is also straightforward.
The following theorem generalizes Theorem 3.9Q.

Theorem G. Let D be a commutative ring with identity; pl ey pk
be elements of D which are not zero-divisors; m1 = pjll, ceeym = ka
for some positive integers jl' 35 .,jk; p = (pl, « @ ,pk); m = (ml, - .,mk) :
Let A,B, Al, Bl ¢« D[ x] satisfy

a. Al Bl = AB(mod m);

b. deg(Al) = deg(A) and lc(Al) = 1c(A) = 1;

R Al £ A and Bl = B(mod p);

d. AS + BT = 1(mod p).

Then Al = A and B1 = B(mod m).
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Proof: By inductionon k. If k =1 then the theorem follows
from Theorem 3.9Q. Assume k > ] and let

Dy = D/(Pys-- 1P

Dk-l = D/(ml, .. "mk-l’pk)

D, = D/(m

" .ym

o e Ve

Then D, = Dk—l/(pl’ ""pk-l) and by a-d we have, in Dk-I[x]’

! =
als AIBI AB

b'. deg(Al) = deg(A), lc(Al) = lc(a) =1

! = x e o
c'. A =A and B =B(modp, »Pp_))

d'. AS + BT = ](mod Pyree "pk-l)'

By the induction hypothesis, we therefore have Al = A and Bl = B

in Dk—l[x]' Now since Dk-l = Dk/(pk) we have

Al = A and Bl = B(mod pk)

in Dk[x]. The generalized Hensel construction gives Sk and Tk

satisfying

ASk+BTk=l

in Dk[x]. We also have a' and b!' in Dk[x], so Theorem 3.7Q applies

and we conclude that Al = A and Bl = B in Dk[x], as desired.

Now Theorem 3.9T can be generalized by merely substituting

yoeoym for m in

p .,pk and jl,...,jk for p and j and m i

i 1

its statement and proof, and invoking Theorem G in place of Theorem 3.9Q.
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6. Summary and conclusions

By means of abstract algorithms we have presented the algebraic
theory underlying the essential steps of a '""Berlekamp-Hensel' algorithm
for factoring integral polynomials, including squarefree factorization,
choice of moduli, Hensel's construction, and searching for true factors.
The basic ideas of the univariate case algorithms have appeared previously
in the literature but are presented here in greater detail. A practical
basis for a multivariate case algorithm is als> civen in the generalized
Hensel construction.

Beyond the algebraic theory, we have gone into detailed considera-
tion of improvements which can be made in the basic algorithms and
comparisons between various alternative ways of implementing particular
steps. In the univariate case, the most significant of these considera-
tions related to the choice of a prime, the degree compatibility tests,
and the trailing coefficient test in the true factor testing algorithm. In
the multivariate case, we noted thc importance of the translation to make
the evaluation points all zero and of the univariate factorization to reduce
the number of extraneous factorizations considered.

A number of interesting open problems have been noted, including
the existence of an algorithm for factoring integral polynomials with a
polynomial bounded computing time, the average computing time of the
univariate Berlekamp-Hensel algorithm for classes of reducible polynomials,

and the maximum and average computing times of the multivariate algorithm.
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